PROBLEMS AND SOLUTIONS - VERIFYING TRIGONOMETRIC IDENTITIES
Prepared by Ingrid Stewart, Ph.D., College of Southern Nevada
Please Send Questions and Comments to ingrid.stewart@csn.edu. Thank you!

Reciprocal Identities

sino = L
csSco
csScoO= L
sino

Quotient Identities

Identities for Negatives

sin{-0)=—sino
cos{-0)=coso
tan(-0)=—-tano
Pythagorean Identities
sin’6+cos?0=1
1+tan’o = sec?

T+cot’f=csec?s

Problem 1:

cos0 =

seco=

seco

coso

csc{-0)=-cscH

sec{-0)=seco

cot(—8) = —cot B

cos’o=1—sin?s
tan?o=sec’ 91

cot’t=csc?0—1

sin‘6=1—_cos?@
1=sec’H—tan?p

T=csc?0—cot?s



Add or subtract the following trigonometric expressions:

(@ 9sinx+3sinx

Since both terms have a Sin X factor, we only have to add the coefficients.

8sinx
b) Fsecx-2secx

Since both terms have a Seéc X factor, we only have to subtract the
coefficients.

5secx
c) 4cosx-3tanx +6cosx +lanx

Here we combine the terms containing COS X and the terms containing fan Xx.

10cosx —2tanx

1 +tanx
d) Sinx cosx

the common denominator is S X COS X

to add the two fractions the number 7 has to be multiplied by €OS X and the
expression tan x by sin x, and finally we get

COSX+ Sinxtanx
sinxcosx

secx  c¢scex
(@) {(1+cosx) (T+cosx)

both fractions already have the same denominator, therefore

Ssecx-—-cscx
T1+cosx

3 5
(f) {tanx + secx) * {tanx —secx)

the common denominator is
(tan x + sec x ){tan x — sec x ) =tan’ x — sec’ x



to add the two fractions, the number 3 has to be multiplied by (tan x - sec x)
and the number 5by (tan x + sec x)

3ftan x —secx )+ 5(tanx + secx)
{tanx + secx ){tanx —secx)

and multiplying out the numerator and combining like terms, we finally get

S8tanx+ 2s5ecx
tan° x-sec’x

Problem 2:

Multiply the following trigonometric expressions:
: 2
() (sinx + cos x)

(sin x + cos x){sinx + cOS x)

Now we will use FOIL to expand as follows:

sin’x+2sinxcosx+cos’x

by 7secx-2secx

Here we will multiply the coefficients and the trigonometric ratios to get
14sec’x

c) 8sinx-3cosx

Here we will multiply the coefficients and the trigonometric ratios to get
24 sin x cos X

Problem 3:
Factor the following trigonometric expressions:
(@) Sinxcosx —sinx

Notice that every term contains a factor of sin x which can be factored out as
follows:

sin x{cos x— 1)
) Sec’x—1

Notice that we are dealing with a the Difference of Squares and we can factor



as follows:

(secx—-1){secx+1)
©) 4tan’x+tanx-3
Factor the following expression just like the trinomial 4a° +a-3 inatis,

(4dtan x - 3){tanx + 1)

Problem 4:

fanx—-cosx

Change the fraction COSX 1o two terms and reduce.

Note: You cannot cancel out €OS X in the fraction above. Only factors can
be canceled in rational expressions.

tanx _cosx
COSX COSX

sinx
tanx 1 COSX  4_ sinx 4
COSX o COSX cos’ x

Problem 5:

tanx + cot x

SeC X CSC X can be reduced to a single number. Find this number.

What could we do?

Add or subtract trigonometric expressions? NO

Multiply trigopnometric expressions? NO

Factor trigonometric expressions? NO

Separate rational trigonometric expressions? NO

Use fundamental identities to rewrite an expression? YES

Al

We can use Reciprocal Identities to rewrite tangent, cotangent, secant, and
cosecant as follows:

sinx N COSX

COSX Sinx
1 1

cCOsSXx Ssinx

NOTE: While this is certainly a good start, it does not guarantee



success. We might have to give up and think of something else to
do! If you are wondering if you are ever going to have to use this,
wait until you get to calculus. ltis often much easier to reduce a
"complicated" trigonometric expression to a single trigonometric
ratio when working with calculus concepts.

Since we learned in algebra to always simplify complex fractions, we will

multiply both the numerator and the denominator by the LCD Sin X cos X just
like we used to do in algebra.

But before we do this, let's combine the fractions in the numerator of the
complex fraction as follows:

sin’ x+cos?x
SinxXcosx
1

Sinxcosx

now

sin’ x+cos’ x
sinxcosx  Sinxcosx

1 Sinxcos x
Sinxcosx

Next, we will distribute and at the same time reduce just like we learned in
algebra to get

sin’x+cos’x
1

Now what?

Add or subtract trigopnometric expressions? NO

Multiply trigopnometric expressions? NO

Factor trigonometric expressions? NO

Separate rational trigonometric expressions? NO

Use fundamental identities to rewrite an expression? YES

ARl A

-2 2
We know that $iR “ # + €08 “ & = T(pythagorean Identity), therefore,
fanx + cot x

SEC X CSCX canbe reduced to the number 7.

Problem 6:

T+tanx

T+ €0t X can be reduced to a single trigonometric ratio, such as cos(x), sin(x), tan(x),
sec(x), csc(x), or cot(x). Find this ratio.



What could we do?

Add or subtract trigonometric expressions? NO

Multiply trigonometric expressions? NO

Factor trigonometric expressions? NO

Separate rational trigonometric expressions? NO

Use fundamental identities to rewrite an expression? YES

Al

We can use Reciprocal Identities to rewrite tangent and cotangent as follows:

sinx
T+

COS X

COS X
T+

sinx

Since we learned in algebra to always simplify complex fractions, we will

multiply both the numerator and the denominator by the LCD Sin X oS X just
like we used to do in algebra.

14 sinx

cos x Sinxcosx
COSX SsSinxcosx
sinx

T+

Next, we will distribute and at the same time reduce just like we learned in
algebra to get

sinxcosx+ sin’x
sin xcos x+cos’ x

Now what?

Add or subtract trigonometric expressions? NO

Multiply trigopnometric expressions? NO

Factor trigonometric expressions? YES

Separate rational trigonometric expressions? NO

Use fundamental identities to rewrite an expression? NO

R

Let's factor common factors out of the numerator and the denominator for a
lack of anything better to do.

sinxfcos x + sinx)
cosXx{sinx+cosx)

As you can see, the numerator and denominator have a factor in common and
when reduced we end up with

sinx

COS X _ Finally, we do know that this equals {87 X



T+tanx

Therefore, we were able to reduce T+ €0 X 1o the single trigonometric ratio ¥@7X

Problem 7:

$in X + €0t X €0S X 4 be reduced to a single trigonometric ratio, such as cos(x), sin
(x), tan(x), sec(x), csc(x), or cot(x). Find this ratio.

coso . COSX
coto=—_— sinx+ ——cosXx
First, we will use $INY {5 rewrite the expression as sinx
) cos’x
simx+ ——
This is also equal to sSinx

For a lack of anything better to do, let's write the last expression as a single fraction.

sin’ x+ cos’ x sin’ x+cos’ x
sinx  sinx sinx

-2 2
We see that we have the Pythagorean Identity S “ ¢ + €08 & =T i the numerator, so
that we can replace it with 7 to get

1

SINX which equals €S€ X .
Problem 8:

Sin‘x + COS X + COS°X

cos x{1+cos x) can be reduced to a single trigonometric ratio, such as cos
(x), sin(x), tan(x), sec(x), csc(x), or cot(x). Find this ratio.

.2 2
Recognizing the Pythagorean Identity 1 ° &+ €08 “ & =T i the numerator, we can
change the expression as follows:

(Sin°x +coS’x)+cosx
cosx{1+cosx)

T+cosx
cosx{1T+cosx)

which also equals

Lastly, we can cancel out the expression T+ €08 X since it occurs both in the numerator



1
and in the denominator to find €03 X which equals $€¢ X

Problem 9:

Secx —CScXx

SFECX CSCX can be reduced to a difference of two trigonometric ratios. Find this
difference.

What could we do?

Add or subtract trigonometric expressions? NO

Multiply trigonometric expressions? NO

Factor trigonometric expressions? NO

Separate rational trigonometric expressions? NO

Use fundamental identities to rewrite an expression? YES

Al A

We can use Reciprocal Identities to rewrite secant and cosecant as follows:

1 B 1
COSX Sinx
1 ) 1
COSX Sinx

Since we learned in algebra to always simplify complex fractions, we will

multiply both the numerator and the denominator by the LCD Sin X €c0s X just
like we used to do in algebra.

But before we do this, let's combine the fractions in the numerator of the
complex fraction as follows:

Sinx-cosx

SinxXcosx
1

sinxcosx

Please note that it is not mandatory to write Sin X as the first factor in the
product Sin X cos X. However, it has become "unofficial" standard practice

to do so!
Next,
sSinx-cosx
sjnxcosx anXCOSJ(
1 Sinxcosx
SinxXcosx

Finally, we will distribute and at the same time reduce just like we learned in



algebra to get

Sinx —cosx
1

Secx —CSscx

We find that S€CX CSCX can be reduced to the difference
sinXx —cosx




