The Friendly Index Set of P, x P,

Ebrahim Salehi and Denrick Bayot

Department of Mathematical Sciences
University of Nevada Las Vegas
Las Vegas, NV 89154-4020
ebrahim.salehi@unlv.edu
denrick@gmail.com

Abstract

For a graph G = (V, E) and a binary labeling (coloring) f : V(G) — Za, let vy (i) = |f~1(3).
f is said to be friendly if |v;(1) — v(0)] < 1. The labeling f : V(G) — Z2 induces an edge
labeling f* : E(G) — Zy defined by f*(zy) = |f(x) — f(y)| Yoy € E(G). Let es(i) = | f*~'(i)|.
The friendly index set of the graph G, denoted by FI(G), is defined by

FI(G) = {ley(1) —es(0)] : f is a friendly vertx labeling of G }.

In this paper we determine the friendly index set of P, x P,.
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1 Introduction

In this paper all graphs G = (V, E) are connected, finite, simple, and undirected. For graph theory
notations and terminology not described in this paper, we refer the readers to [5]. Let G = (V. E)
be a graph and f : V(G) — Zs a vertex labeling (coloring) of G. For i € Zy, let vs(i) = |f~1(i)].
The labeling f is said to be friendly if |vg(1) —vf(0)| < 1.

Any vertex labeling f : V(G) — Zg induces an edge labeling f* : E(G) — Zg defined by f*(xy) =
|f(x) — f(y)| Yoy € E(G). For i € Zy, let ef(i) = | f*~*(i)|. The number N(f) = |ef(1) — ef(0)] is
called the friendly index of f. The friendly index set of the graph G, denoted by FI(G), is defined
by

FI(G) ={N(f): fis a friendly coloring of G}.
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A friendly coloring f : V(G) — Zs is called a maximum friendly coloring of G if its friendly index is
the maximum element of FI(G). Note that if f: V(G) — Zs is a friendly coloring, so is its inverse
coloring g : V(G) — Zg defined by g(v) =1 — f(v) Vv € V(G). Moreover, N(g) = N(f).

In 1978, Cahit [2, 3, 4] introduced the concept of cordial labeling as weakened version of the less
tractable graceful and harmonious labeling. A graph G is said to be cordial if it admits a friendly
labeling with index 0 or 1. Hovay [7], later generalized the concept of cordial graphs and introduced
A-cordial labelings, where A is an abelian group. A graph G is said to be A-cordial if it admits a
labeling f : V(G) — A such that for every i,j € A,

[ (i) —vp(j)] < 1 and |ef(i) —er(j)] < 1.

Cordial graphs have been studied extensively. Interested readers are referred to a number of relevant
papers in the literature that are mentioned in the bibliography section, including [1, 6, 8, 9, 11, 14].
In this paper, we focus on the group A = Z,, and determine the friendly index set of P, x P,. As
mentioned earlier, the friendly index set of a graph G, denoted by FI(G), is defined by {N(f) =
lef(1) —ef(0)] : f is friendly coloring of G}. When there is no ambiguity we drop the subscript f.
Note that if 0 or 1 is in FI(G), then G is cordial. Thus the concept of friendly index sets can be
viewed as a generalization of cordiality. First we state known results from [10], [12], and [13] to

be used in the following section.
Theorem 1.1. [12] For a graph G with q edges, FI(G) C {¢—2i:0<1i < [4]}.

Theorem 1.2. [12] For a cycle, C, with n > 3, FI(Cy,) = {2n —4i : 0 < i < |[§]} and
FI(Copy1) ={2n+1—-2i:1 <1i<n}.

Lemma 1.3. [12] For any labeling f : V(C)) — Zy (not necessarily friendly) e¢(1) is even.
Theorem 1.4. [10] The cartesian product of an arbitrary number of paths is cordial.

Examples 1.5. By Theorem 1.1, FI(P, x Pg) C {16 —2i : i = 0,1,2,---,8}. Figure 1 shows
that {16 —2i:7=10,2,3,---,7} C FI(Py x Fs). In addition, by Theorem 1.4, 0 € FI(P, x Ps).
It remains to be shown whether 14 € FI(P» x Ps). We note, however, that for 14 € FI(P, x Fg),
there must be a friendly labeling f : V(P x Fs) — Zy for which either e;(1) = 1 or e;(0) = 0.
This, however, contradicts Lemma 1.3, since such an edge labeled 0 or 1 must be contained in some

cycle, Cy, on Py X Pg. Therefore, FI(Py X Pg) = {16 —2i:1=10,2,3,---,8}.

2 The Friendly Index Set of P, x P,

In [12], Lee and Ng show that the friendly index set of P, x P, with ¢ edges achieves all possible

friendly indices as implied by Theorem 1.1, except for ¢g— 2. In this section, we show that this result



e(0)=7 and e(1)=9

Figure 1: Friendly labelings of P> x FPs .
need not extend for the grid P, X P,, with m,n > 3 and evaluate the friendly index set of this graph.

We begin this section by discussing the friendly-index set of P, x P, and provide an additional
condition, which proves to be useful in finding the friendly index set of P, x P,. In particular,
it serves as the base case for an inductive argument for P, x P,. A discussion on the conditions
needed for m(n — 1) +n(m — 1) — 4 to be in the friendly index set of P, x P, follows. Finally, we
show that the friendly-index set of P, x P, contains certain values by induction. First, consider

an illustration of P, x P, (a ladder) given in Figure 2.

Vi %) & Vi Vi

Figure 2: An illustration of P, x P, .

The vertices vy, v, - - - , v, are defined to be the top vertices, while the vertices uq,ug, -« , u, will
be named the bottom vertices of P x P,, in this paper. A labeling f : V(P x P,)) — Zy with the
property that f(u1) = f(us) = -+ = f(ugray—1) =1 and f(uz) = f(ua) = -+ = f(ugrz)) = 0is



said to be alternating-bottom labeling. If in addition f(vi) = f(v3) = -+ = f(vg[%1_1) =0 and
flua) = f(vg) = f (UQ[%]) = 1 then we say that the labeling is the maximum-friendly labeling of a
ladder and ef(1) —e¢(0) = 3n — 2.

Lemma 2.1. P> X P, has 3n — 2 as its mazimum friendly index.

Lemma 2.2. 3n —4 ¢ FI(Py x P,).

Proof. The result follows immediately from Lemma 1.3. O
Lemma 2.3. Py x P, is cordial. In particular, for anyn € N, 0 € FI(PaXg9,) and 1 € (PoX Papy1).
Lemma 2.4. 3n —6 € FI(Py x P,)

Proof. Consider the labeling f : V(Py x P,) — Zg defined by

_J 0 ifjisevenor j=1;

ﬂ%)_{l if j is odd and j > 3;
and f(uj) = 1 — f(vj). It is easy to see that for this labeling e;(0) = 2. Therefore, 3n — 6 €
FI(Py x P,). O

Theorem 2.5. FI(P, X P,) ={6n—2—-2i:i1=0,2,3,---,3n — 1}. Moreover, each element of
the friendly index, with the possible exception of 0 and 6n — 6, can be obtained with an alternating-
bottom labeling f, such that ef(1) > ef(0).

Proof. Let 3 <i < 3n — 2. To show 6n —2 —2i € FI(Py X Pyy,) it is enough to present a labeling
f: V(Py x Pay,) — Zs for which e¢(0) = i. We consider the following cases:

Case 1. 7 is odd.

Subcase la. i # 1 (mod 6).

i+2 - i3] i-1i3]
2 2

C

Figure 3: An illustration of labeling described in case 1a.

Define f : V(Py x Pa,) — Za, with alternating-bottom labeling, by

s
])—1}

0 ifjef{l,3,---,2n—(i+1—|
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iy i—| 1]
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A graphical depiction of this labeling is shown in Figure 3, where

o 1 ifi=3 (mod 6);
1 0 otherwise.

Note that there are L%j + 1 edges connecting the two paths that are labeled 0. Additionally, there

(Hl—;;ﬂﬂ_l>+<i+l—2m—l_l>:i_@_l

top edges labeled 0, showing that e;(0) = i.

Subcase 1b. i =1 (mod 6).

In this case i — 2 # 1 (mod 6), as a result there is a labeling f, as described above, for which
ef(0) =i — 2. Now define g : V(P X P»,) — Zy with alternating-bottom labeling by

are

g@”:{l—f@ﬂ itj € 20— (-2 |52)), 20— (L2

f(v;)  otherwise.
For such a labeling, there are i —2— |52 ] — 1 top edges labeled 0 and | 52| +1+-2 edges connecting
the two paths that are labeled 0, so that e4(0) = 1.
Case 2. i is even.
Subcase 2a. Assume that i Z 2 (mod 6). We denote the top vertices by vy, ve, -, v, and define
f:V(Py X Pa,) — Zsy, with alternating-bottom labeling, by
if je{1,3,-- ,2n— (i+1—[F}])— 1}

0

1 ifjef{2,4,--2n—(i+1- 5]}
Fw) =19 o
1

. 1 i1
1fje{2n—(i+1i:L%J)+17...,gn_w};
if je{2n— o5 4 on)

A graphical depiction of this labeling is shown in Figure 4, where

1 ifi=3 (mod 6);
0 otherwise.

Here there are L%j + 1 edges connecting the two paths that are labeled 0. In addition, there are

i+1-|5 i+1— 5 i1
(23—1>+<23—1>:z—L 3 | -1

top edges labeled 0, showing that e;(0) = ¢

Subcase 2b. Suppose i = 2 (mod 6).
In this case i —2 # 2 (mod 6). As a result, there is a labeling f, as described in Case 2a, for which
ef(0) =i — 2. Now define g : V(P2 x P»,) — Zg, with alternating-bottom labeling, by

g@):{l—ﬂ%>ﬁjeﬂn—@—2—vﬁnan—“iﬁﬁ+4h
’ f(vj)  otherwise.
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Figure 4: An illustration of the labeling described in case 2a.

For such a labeling, there are i —2— 52 | — 1 top edges labeled 0 and | 52| +1+-2 edges connecting
the two paths that are labeled 0, so that e,4(0) = i.
Applying Lemmas 2.1, 2.2, 2.3, 2.4, and Theorem 1.1 concludes the proof. O

Using similar labelings, as discussed in the proof of Theorem 2.5, one can show the following result:

Theorem 2.6. FI(Py X Pypt1) ={6n+1—-2i:9=0,2,3,---,3n}. Moreover, each element of the
friendly indez, with the exception of perhaps 1 and 6n—3, can be obtained with an alternating-bottom

labeling f, for which ef(1) > ef(0).

Examples 2.7. The vertex labeling on P, x P, shown in Figure 1, were obtained using the

colorings discussed in the proof of Theorem 2.5 and Lemma 2.4.

For the purpose of discussion, we define the following terminology to be used later in this section.

Consider an illustration of P, x P, given in Figure 5.

Vi ‘r}li lﬂ(.z Vin
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Figure 5: An illustration of P, X P, .

We denote the vertex in the ¢th row and jth column of P, x P, by v;;. Moreover, the vertices
v11,v12,** , V1, are defined to be the top vertices, while the vertices vy,1,Vm1, - , Umn Will be

named the bottom vertices. The subgraph of P, x P,,, denoted by R;, induced by the vertices {v;; :



j=1,2,--- n}is defined to be the i-th row of the grid. Note that the subgraph R; is simply a path
of order n. Given a friendly labeling f defined on a grid, we say that the path R; has an alternating

labeling if f(vﬂ) = f(vi3) = = f(UQf%-\—l,i) = 1 and f(vig) = f(vi4) = = f(ULg"%}) = 0.
On the other hand, if f is a labeling such that f(v;1) = f(viz) = -+ = f(UZf%FLi) = 0 and
flui2) = f(vig) = -+ = f(vw(%}) = 1, then we say that R; has alternating-inverse labeling. If

f: V(Pn x P,) — Zgy is a friendly labeling with the property that every path on a grid has
alternating labeling or alternating-inverse labeling, then f is the maximum friendly coloring of a
grid and ef(1) — ef(0) = m(n — 1) + n(m — 1). It is clear that such a maximum labeling exist for
any n,m € N. Additionally, as mentioned earlier, it has been shown [10] that P, x P, is cordial.

We formally state these results in the following Lemma.

Lemma 2.8. For the grid Py, x P, with q edges {q —2|2],q} C FI(Py, x P,)

Lemma 2.9. If P, X P, has q edges, then ¢ — 2 cannot be in the friendly index set.

Proof. This is a direct consequence of Lemma 1.3. O

Lemma 2.10. Let m,n > 3. For the graph P,, x P, with q edges, if m and n are odd, then
q—4 € FI(P, x P,). Otherwise, ¢ —4 ¢ FI(Py, x P,).

Proof. Let m,n > 3 and suppose f is a labeling for which ef(1) = 2. Note that by Lemma 1.3 the
two edges labeled 1 must either be {viiva1,v11v12}, {VinV1n-1, Vinv2n}, {Um1Vm—1,1,Um1Vma}, or
{UmnVmn—1 » UmnUm—1n}. Without loss of generality, let f be a binary-vertex labeling for which
{v11v21, v11v12} edges are labeled 1. For the other edges to be labeled 0 the rest of the vertices
must be labeled in the same manner as v and vig so that |vf(0) — ve(1)| = mn — 2 > 1; that is,

f cannot be friendly.

On the other hand, if f : V(P x P,,) — Zs is a labeling such that e¢(0) = 2 then by Lemma 1.3
the two edges labeled 0 must be either {vi1v21,v11v12}, {VIRV1n—1, VinV2n}, {Vm1Vm—1,1,Um1Um2},
Or {VmnUmn—1,UmnUm—1,n}. Suppose f is a binary-vertex labeling for which {viive1, vi1vi2} are
labeled 0 by the induced-edged labeling. For the rest of the edges to labeled all 1, R; for ¢ > 2
must have an alternating labeling or alternating-inverse labeling with f(vy;) = f(v21) if and only
if i is even. In addition, f(vi3) = f(vis) =+, f(1,v212)-1) =1 and the rest of the vertices must
be labeled by 0. If m or n are even, it is easy to see that |vs(1) —vs(0)| = 2, showing that f is not
friendly. If, however, m and n are both odd, then |vs(1) —v;(0)| = 1. O

It remains to be shown whether {¢—2i:i=3,4,6,---,[2] =1, =2mn—m—n} C FI(P, x P,).

It turns out that such a result is true. In addition, one can find a friendly labeling for which the

h

index is one of these values and the m!"* row has alternating labeling. Before proceeding to show

this, we provide the following useful results.



Lemma 2.11. For the path P, of ordern and x € {2i—(n—1): 1 <i < n—1}, there is a friendly
labeling f : V(P,) — Zo for which ef(1) — ef(0) = x.

Proof. The result can be easily shown by induction. O

Lemma 2.12. Let f : V(P,, X P,) — Zy be a friendly labeling, with alternating bottom labeling,
such that ef(1) —ef(0) = x. For every k € {0,2,4,---,2n — 2} there is a friendly labeling g :
V(P2 X Py) — Zg satisfying the following conditions:

(1) eg(1) —eg(0) =+ k;
(it) g(v) = f(v) for every v € V(P x By,); and
(i1i) either g or its inverse coloring has alternating-bottom labeling.

Proof. Let f: V(P x P,) — Za be a friendly labeling, with alternating-bottom labeling, such that
er(1) —es(0) = .

Case 1. k € {2,4,---,2n — 2}. By Lemma 2.11, there is a labeling h : V(R,,4+1) — Zg such that
en(l) —en(0) =k — (n—1). Define g : V(P42 X P,) — Za by

f(vij) if Vij S V(Pm X Pn);
9(vji) = h(vi;)  if vy € V(Rpt1);
1-— f(’Umj) if Vij S V(Rerg).
One readily sees that there are n edges incident to exactly one vertex in R,,+1 that are labeled 0
and 1. In addition, all n — 1 edges in R,,1; are labeled 1, so that e4(1) — e4(0) = x + k.
Case 2. k = 0. We consider the following two subcases:

Subcase 2a. n is odd.

Let h: V(Rm11) — Za2 be defined by h(vim+1,1) = h(vm+13) = = h(Umi1n-2) = 1, Mvmy12) =
hMvms1,4) = - = h(Vmt1,n—3) = 0, and h(Vym41,n—1) = A(Umy1,n) = 0. Define g : V(Prq2 X Py) —
ZQ by

fvij)  ifvyy € V(P x Py);
9(vji) = q h(vij) if vij € V(Rpg);
f(omg) if vij € V(Rpy2).
There are n — 1 vertices in R,,+1 adjacent to vertices in R,, and R,,12 that are labeled in the same
manner. In addition, the vertices vy, 41, and vp41,,—1 are adjacent to each other and are labeled
0. As aresult e4(0) =ef(0) + (n— 1)+ (n—1)+1=er(0) +2n — 1, so that ey(1) — ey4(0) = x.
Subcase 2b. n is even.
We use the same labeling, g : V(P42 X P,) — Za, as in subcase 2a. However, we define h :
V(Rmt1) — Z2 by Momi11) = Momy13) = -+ = Momiin-s) = 1, M(umy12) = h(vmi14) =
<o = h(vmtin—6) = 0, and h(Vmi1,n—a) = M(Vmt1,n-3) = A(Umtin—2) = 0, and h(Vmi1p—1) =
h(Vm+1,,)=0. This labeling yields e4(1) — €4(0) = x.

(I
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Lemma 2.13. Let f : V(P,, x P,) — Z2 be a friendly labeling, with alternating bottom labeling,
such that ef(1) — ef(0) = x. Then there is a friendly labeling g : V(P2 X Py) — Zo satisfying

the following conditions:

(1) eg(1) —ey(0) =+ 4n — 2;

(i1) g(v) = f(v) for every v € V(P x By,); and
(i1i) g has alternating-bottom labeling.

Proof. Let f : V(Py, X P,,) — Zs be a friendly labeling, with alternating-bottom labeling, such that

ep(1) —ep(0) = .
Define g : V(P42 X P,) — Zg by

f(vij) if Vij € V(Pm X Pn),
g(Uij) = 1-— f(Umj) if Vij € V(Rm+1);
f(vmj) if Vij € V(Rm+2).

One readily observes that e4(1) —e4(0) = x+4n—2 and that g has alternating-bottom labeling. [

Theorem 2.14. For a grid P,,, x P, with q edges, {q—2i :i=3,4,5,--- ,|4]| =1} C FI(P, x P,).
Moreover, for every x € {q—2i :i = 3,4,5,---,|2] — 1} there is some friendly labeling, f, with
alternating bottom labeling, such that ef(1) — ef(0) = x.

Proof. Case 1. m = 2k. We proceed by induction on m and fix n € N. Theorem 2.5 shows that
the result is true for the base case k = 1.

Assume that A = {q,—2i:1=3,4,5,--- , | %] — 1,90 = 4kon — 2k, —n} C FI(Pyy, x P,) for some
k, € N and that there are friendly labelings that attain these indices for which Ry, has alternating
bottom labeling and e(1) > e(0). We consider the graph Py, 1) X P, and let q1 = g, + 4n — 2
be the number of edges in this graph. From the Lemma 2.12, FI(Py,41) X P,) contains A +
{0,2,4,---,2n—2}. Furthermore, there are labeling that attain these indices for which its inverse is
an alternating-bottom labeling and e(1) > e(0). Both A and {0,2,4, - ,2n—2} form an arithmetic
progression with common difference 2; hence, the set B = A + {0,2,4,---,2n — 2} forms an
arithmetic progression with common difference 2 for which min B = min A+min{0, 2,4, --- ,2n—2}
and max B = max A 4+ max{0,2,4,---,2n — 2}. Therefore, {¢g1 —2i : n -3 <i < |§] -1} C
FI(Pyk,11) X Pn).

Similarly, by Lemma 2.13 A+4n — 2 C FI(Py(y,+1) X Pn). Moreover, there are alternating-bottom
labelings that attain these indices for which e(1) > e(0). Hence, {q1 —2i:3 < i < [4] —2n} C
FI(Py(j,41) X Pp). Since [ %] —2n > n — 3, the result follows immediately.

Case 2. m = 2k + 1. It can be shown that the result holds for P3 x P,,. The argument is similar

to the one presented in Case 1. ]

By Lemmas 2.8, 2.9, 2.10 and Theorem 2.14, we conclude this paper with our final result:



Theorem 2.15. Let m,n > 3. The friendly index set of the grid Py, X P,, with q edges is

{¢g—2i:9i=0,2,3,---, 2]} if m,n are odd;

FI(P,, x P,) :{ {q—2i:i=0,3,4,-- 7L%J} otherwise.
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